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A modification of the frequency of x-ray-induced chromatid breaks 
can be achieved by varying the environmental conditions before, during 
or after x-radiation. All organisms, however, do not respond in like 
fashion to the same environmental changes. Sax and Enzmann! have 
shown that low temperatures (ca. 3°C.) effectively increase the frequency 
of x-ray-induced breaks in Tradescantia; high temperatures (ca. 38°C.) 
were shown to have the opposite effect. In Drosophila, temperature 
changes have been demonstrated to be ineffective in altering break fre- 
quencies,” * although earlier studies suggested that low temperatures can 
lead to an increase in x-ray-induced rearrangements." ° 

The use of other types of radiation in combination with x-rays has 
opened a new avenue of attack on the problem of x-ray effects in that the 
results relative to chromosomal break frequencies do not appear to be 
additive. Ultra-violet radiation (2537 A), which can, itself, induce chroma- 
tid deletions,*: 7 has been shown to produce a significant decrease in x-ray- 
induced rearrangements in both Drosophila* and Tradescantia.* Whether 
this can be attributed to an effect on the nucleic acid constituents of the 
nucleus remains to be determined. Near infrared radiation (<20,000 A), 
on the other hand, has quite the opposite effect. Ineffective in inducing 
breaks or rearrangements when used alone, and as detected by present 
cytological techniques, it considerably enhances the action of x-rays on 
the chromosomes of Drosophila if given before or during recombination 
of broken chromosome ends.*: '° Whether these data may be interpreted 
in terms of a local physical-chemical change resulting from a preferential 
absorption of energy by some chromosomal component, or in terms of a 
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more general cellular phenomenon, is as yet unknown. The present 
report deals with a preliminary study made of the modifying effect of near 
infrared radiation on x-ray-induced break and rearrangement frequencies 
in the microspore chromosomes of Tradescantia. The Drosophila results 
have been confirmed, and the investigation has been extended to other 
phases of the problem which are more readily studied in Tradescantia. 

Material and Methods.—A clonal line of Tradescantia paludosa, Anders 
and Woodson, served as the experimental material for this study." 

The x-ray treatments were given by using a Coolidge-type tube with a 
tungsten target, operating at 170 kv. and 20 ma., and fitted with two 
filters, one of copper 0.25 mm. thick and the other of aluminum 1.06 mm. 
thick. At 40 cm., the distance from the target at which the inflorescences 
were treated, the dosage was 95 r units per minute, as measured by a 
Victoreen dosimeter. Only doses of one-half and one minute were used 
in the present study. All x-ray treatments were made by Mr. Henry 
Myers of the National Cancer Institute. 

The method of applying the near infrared radiation was similar to that 
used by Kaufmann, Hollaender and Gay," and described in greater detail 
by Hollaender, Kaufmann and Andrews.'? The radiation from a 750-watt 
medium prefocus filament projection lamp was focused by means of a 
plano-convex glass lens through an iodine-saturated carbon tetrachloride 
filter 11/. cm. deep and a Corning heat-resistant glass filter No. 242. The 
inflorescences were placed at the bottom of a large culture tube which 
rotated slowly in the focus of the infrared beam. The culture tube was 
cooled by running tap water during the exposure of seven hours in the 
infrared beam. (Preliminary experiments had shown that maintaining 
the inflorescences in running tap water (18-19°C.) either before or after 
x-radiation did not significantly alter the frequency of induced breaks and 
rearrangements.) An interval of 5-10 minutes usually elapsed between 
the end of one type of radiation and the beginning of the other. 

The treated anthers were smeared, fixed in 3: 1 alcohol-acetic and stained 
with aceto-carmine 22-23 hours after x-radiation. This time was selected 
because Sax!*® has shown that during the summer months chromosome, 
as opposed to chromatid, breaks appear at about 27 hours after x-raying; 
therefore, the appearance of chromosome breaks would have indicated 
that the rate of cell division had been speeded up by the application of 
infrared radiation. No chromosome breaks of any kirid were observed, 
however, indicating that if infrared does speed up the rate of cell division 
it was counteracted by the cooling effect of the running tap water, or else 
it was not accelerated to any detectable degree. 

The Effect of Pretreatment with Near Infrared Radiation—Kaufmann, 
Hollaender and Gay" have shown that pretreatment with near infrared 
radiation significantly increases the frequency of detectable x-ray-induced 
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chromosomal rearrangements in Drosophila as compared to the frequency 
obtained from the x-ray controls. Dominant lethals, however, which 
supposedly result from inviable types of breaks, appeared not to be affected 
under the conditions of their experiments. In Tradescantia, where it is 
possible to detect most types of viable and inviable breaks and rearrange- 
ments, it was found that all detectable types of breaks were increased 
when infrared radiation was given prior to x-radiation (table 1). Single 
and double (isochromatid) deletions were increased in frequency approxi- 
mately 100% over the x-ray controls when a dosage of 47.5 r units was 
used, while the exchange type of rearrangement, either within or between 
chromosomes, revealed a considerably greater increase in frequency. This 
was again found to be true when the x-ray dosage was doubled (95 r). It 
would appear, therefore, that rearrangements between chromosomes, or 
between arms of the same chromosome, were increased disproportionately 
more than single or double deletions when infrared pretreatment was 
given to x-rayed microspores, but when it is considered that the frequency 
of this type of rearrangement is a function of the square of the dosage 
while the frequency of single and double deletions is a linear function of 
the dosage,'* the disproportionality of the exchange type of rearrange- 
ments in table 1 is readily explained. These data appear to be best in- 
terpreted in terms of a generalized “‘sensitization’’ of the chromosomes to 
x-rays rather than in terms of a differential effect on various types of breaks 
and rearrangements.’° 


TABLE 1 


FREQUENCY OF CHROMATID ABERRATIONS INDUCED BY X-RAYS AND AS MODIFIED BY 
PRETREATMENT WITH NEAR INFRARED RADIATION; DaTA IN % 


SINGLE DOUBLE TOTAL TOTAL 

TREATMENT DELETIONS DELETIONS EXCHANGES  CHROM. BREAKAGE 
47.5r 2.86 1.72 0.29 2094 4.87 + 0.46 
Infrared + 47.5r 5.63 2.68 1.72 1902 10.50 + 0.70 
Infrared + 47.5r 5.02 3.40 2.72 2352 11.13 += 0.65 
nae g 6.27 5.89 2.15 1578 14.32 += 0.88 
Infrared + 95 r 11.48 9.84 11.88 1464 33.19 = 1.23 


The data presented in table 1 do not exclude from consideration the 
possibility that the increased break frequencies obtained when infrared 
pretreatment was combined with x-radiation might be related to a general 
temperature change induced within the cell. Measurements were there- 
fore made in the test tube during the infrared treatment, and a fall of 
2-3°C. below room temperature was recorded, the fall being due to the 
cooling effect of the running tap water. This was paralleled by a similar 
drop in temperature in the interior of the buds as determined by means 
of a thermocouple designed by Dr. J. Gordon Carlson. To be doubly 
certain, however, that the effects of infrared radiation were not related 








298 GENETICS: SWANSON AND HOLLAENDER Proc. N.A.S. 


to a general temperature effect (as opposed to a highly localized tempera- 
ture change due to selective absorption), several groups of buds were given 
seven hours of pretreatment at various controlled temperatures before 
x-radiation, and then kept at room temperature for 22 hours, at which 
time they were smeared, fixed and stained. 


TABLE 2 


FREQUENCY OF X-RAY-INDUCED CHROMATID ABERRATIONS AS MODIFIED BY PRETREAT- 
MENT AT VARIOUS TEMPERATURES FOR SEVEN Hours; 47.5r; DATAIN % 


SINGLE DOUBLE TOTAL TOTAL 
TREATMENT DELETIONS DELETIONS EXCHANGES CHROM, BREAKAGE 
6°C. 1.64 3.21 0.00 1464 4.85 + 0.56 
20 2.44 3.32 0.00 1680 5.77 + 0.57 
25 (room temp) 2.61 4.02 0.60 — 996 7.23 + 0.82 
34 1.34 3.03 0.99 2016 5.35 + 0.51 


The data are presented in table 2. The rate of breaks and rearrange- 
ments did not approach the level obtained when infrared radiation pre- 
ceded x-raying, but the data indicate that a possible rise in exchange 
rearrangements may follow a rise in temperature, due possibly to a more 
actively dividing cell. That a generalized temperature change does 
not account for the modification of break frequencies as shown in table 1 
is, however, evident. 

j TABLE 3 


FREQUENCY OF CHROMATID ABERRATIONS INDUCED BY X-RAYS AND AS MODIFIED BY 
PRETREATMENT WITH INFRARED FILTERED THROUGH 11 Cm. OF WATER; Data IN % 


SINGLE DOUBLE TOTAL TOTAL 
TREATMENT DELETIONS DELETIONS ‘EXCHANGES  CHROM. BREAKAGE 
47.5r 2.47 at ef 0.59 2028 5.27 + 0.50 
Infrared + 47.5r 5.36 3.32 2.78 1866 11.47 = 0.74 


Kaufmann, Hollaender and Gay stated that the region of effectiveness 
in the infrared spectrum lies in the neighborhood of 10,000 A. This is 
the region most readily transmitted by the filter system which they used, 
and which is similar to that used in this study. However, some energy 
from longer wave-lengths up to 20,000 A was transmitted: In an effort 
to determine the effective region more exactly, the infrared radiation was 
filtered through a round flask 11 cm. in diameter filled with distilled water. 
No other filter was used. According to Brackett,‘ this filter system should 
absorb all wave-lengths longer than 11,500 A. The flask was water cooled 
to prevent it from becoming a secondary radiator. The inflorescences 
were irradiated as before for seven hours, and the data are contained in 
table 3. No significant deviations from the data in table 1 were obtained, 
indicating that wave-lengths longer than 11,500 A are relatively ineffective 
in modifying the frequency of breaks. The filter systems which have 
been used have thus restricted consideration to those wave-lengths which 
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lie between 6000 and 11,500 A. Further work is being carried out to 
determine the effectiveness of different wave-lengths within, as well as 
outside, this range. 

The Effect of Post-treatment with Near Infrared Radtation.—Kaufmann, 
Hollaender and Gay” have shown that, in Drosophila, post-treatment of 
males with near infrared radiation led to a reduction in the frequency of 
detectable x-ray-induced chromosomal rearrangements, but this was 
subsequently interpreted as the result of a rapid maturation of sperm 
which were immature (and less sensitive to x-rays) when the flies were 
x-rayed, thus giving a heterogeneous sperm mixture at the time of copula- 
tion. Later Kaufmann* showed that the treatment of inseminated females 
with infrared radiation just prior to oviposition could modify the frequency 
of chromosomal changes in much the same manner as did pretreatment 
of males with infrared radiation. 


TABLE 4 


FREQUENCY OF CHROMATID ABERRATIONS INDUCED BY X-RAYS AND AS MODIFIED BY 
POST-TREATMENT WITH INFRARED RADIATION FOR SEVEN Hours; Data In % 


SINGLE DOUBLE TOTAL TOTAL 
TREATMENT DELETIONS DELETIONS EXCHANGES  CHROM. BREAKAGE 

47.54 2.21 2.65 0.28 2898 5.15 + 0.41 

47.5 r + infrared 4.96 2.62 1.89 4656 9.47 = 0.43 


Since an interval of 22 hours existed between x-radiation and fixation of 
the chromosomes, there was an opportunity to alter the environmental 
conditions during the time when recombination is taking place. This was 
done with near infrared radiation, the length of treatment being seven 
hours. The data are given in table 4. The total frequency of chromatid 
changes was slightly lower than that obtained with pretreatments with 
infrared radiation, but an analysis of the individual types of changes 
indicated that the lowered frequency was due entirely to a lack of increase 
in the double deletions, the percentage remaining the same as that obtained 
from the x-ray controls. Single deletions and the exchange type of re- 
arrangements were significantly increased, with the proportion of increase 
being comparable to that obtained with pretreatment of infrared radiation. 
From these data it may be inferred that double deletions are realized 
immediately on x-radiation, and hence are not subject to modification by 
post-treatment, whereas the type (or types) of break which gives rise to 
single deletions and exchange rearrangements is capable of remaining 
“open” for some time following x-radiation, and therefore its capacity for 
restitution or recombination can be readily altered by environmental 
conditions. These interpretations agree also with that obtained pre- 
viously in Tradescantia when ultra-violet light, in combination with x-rays, 
served as the modifying influence.° 

The Permanency of the Effect of Near Infrared Radiation —The question 
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as to the permanency of the effect of infrared radiation on chromosome 
“sensitivity’’ can be readily answered merely by varying the time interval 
between pretreatments with infrared and x-radiation. This has been done 
in a very preliminary manner, but the data (table 5) are presented because 
they do yield some information relative to this aspect of the problem. 

In this experiment a 250-watt, 120-volt reflector-drying lamp of the 
commercial variety was used as a source of near infrared, with the same 
filter system previously described being employed. Because of the greater 
output of transmitted energy, the time of exposure was reduced to ap- 
proximately three hours. The infrared radiation was given prior to x- 
radiation, and the intervals of time between radiations were 16 and 21 
hours, respectively. As with the other experiments, the treated anthérs 
were smeared 22-23 hours after x-radiation. 

TABLE 5 
FREQUENCY OF X-RAY-INDUCED CHROMATID ABERRATIONS WHEN A DELAY EXISTS 
BETWEEN THE TIME OF NEAR INFRARED RADIATION AND TIME OF X-RADIATION; DATA 


IN % 
DELAY, SINGLE DOUBLE TOTAL TOTAL 
TREATMENT HRS. DELETIONS DELETIONS EXCHANGES CHROM. BREAKAGE 
47.5r va 1.69 1.36 0.136 1476 3.19 += 0.46 
Infrared + 47.5r 0 4.42 3.47 1.77 1584 9.66 + 0.74 
Infrared + 47.5r 16 4.89 3.83 1.89 1800 10.61 + 0.73 
Infrared + 47.5r 21 4.39 3.73 0.88 1368 8.99 = 0.77 


The data obtained showed that the effect of near infrared radiation on 
the chromosomes was not dissipated within a short time, but rather that 
the ‘‘sensitization’’ of the chromosomes persisted for at least 21 hours, 
with all types of rearrangements showing a definite increase in frequency 
as compared with the x-ray controls. From these data it can be inferred 
that the effect of infrared radiation is not achieved by general temperature 
changes, or by a greater cell activity, but rather by a definite chemical or 
physical change within the cell which is reflected in the increased response 
of the chromosomes to x-radiation. 

Discussion —An intelligent discussion of the effects of near infrared 
radiation on the modification of the frequency of x-ray-induced chromo- 
somal breaks and rearrangements is hindered and obscured by a lack of 
definite knowledge of the effects of this type of radiation on biological 
systems and processes. It is known that near infrared energies (1.2 
electron volts for wave-lengths in the neighborhood of 10,000 A) are 
insufficient to produce a dissociation of molecular structures, differing in 
this respect from the ionizing action of the more penetrating forms of 
radiation, and the photochemical action of the shorter ultra-violet. That 
some change, however, is produced, and that this change, reflected in an 
increased breakability of the chromosomes when exposed to x-radiation, 
is not of momentary duration but one of relative permanency, and hence 
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probably of a physical-chemical nature, is evident from the data presented. 
The data, on the other hand, yield no evidence as to whether or not the 
effect on the chromosomes: is direct or indirect, although it is logical to 
assume that it is the chromosome rather than some cytoplasmic com- 
ponent which is altered. Since absorption of the near infrared can lead 
to molecular vibration and rotation, the possibility remains that macro- 
molecular systems such as are known to be present in chromosomes may 
undergo some structural change, resulting in a “sensitized” structure 
which is more readily disrupted by x-rays.'° The concept of a sensitized 
structure, however, does not appear to explain satisfactorily the data 
obtained from post-treatment experiments since one must consider here 
the effect on breaks, potential or otherwise, which are already available 
for recombination. Post-treatment effects may be due to a mechanism 
which alters chromosome movement, as suggested by Kaufmann,’ but most 
certainly the fact that a delay of 21 hours between pretreatment with infra- 
red radiation and x-radiation does not materially alter the rate of increase 
in break frequency as compared to that when x-radiation immediately 
follows infrared treatment precludes any consideration of chromosome 
movement as an explanation for the data obtained from the pretreatment 
studies. The possibility of two distinct mechanisms therefore exists. 

The following hypothesis suggests itself as an explanation by which both 
pre- and post-treatment data may be related to a single mechanism. If 
both infrared and x-rays are capable of weakening the chromosome struc- 
ture (this in addition to the normally realized x-ray breaks) in a manner 
which would not be detectable as distinct breaks, and which would not 
be realized unless further disturbed by the addition of the other type of 
radiation, then an additional increase in break frequency would be ex- 
pected with both pre- and post-treatments with infrared radiation. The 
failure to obtain an increase in the frequency of double deletions following 
post-treatment is readily explained by assuming that this type of breakage 
and recombination is realized immediately on x-radiation, and is thus not 
subject to modification by subsequent treatment. 

Summary.—Experiments are reported in which it has been shown that 
near infrared radiation, when combined with x-rays, significantly increases 
the frequency of x-ray-induced breaks and rearrangements in the micro- 
spore chromosomes of Tradescantia. All types of detectable alterations 
are increased by pretreatment, while post-treatment increases the fre- 
quency of single deletions and exchanges but does not increase the fre- 
quency of double deletions. A delay of 21 hours between pretreatment 
with infrared and x-rays does not appreciably decrease the effectiveness of 
infrared, suggesting that the change induced by infrared is of a relatively 
permanent nature. The nature of the effect of infrared is poorly under- 
stood at the present time. — 
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REACTION AND SCATTERING CROSS-SECTIONS 
By E. P. WIGNER 


MONSANTO CHEMICAL COMPANY, KNOXVILLE, TENNESSEE 
Communicated October 24, 1946 


1. It was attempted, in two recent papers,' to give a formulation to the 
resonance theory of nuclear reactions? which is free from artificial as- 
sumptions. This theory deals with reactions in which two nuclei collide 
and either reseparate without any change (elastic scattering) or undergo 
a reaction so that the pair separating after the collision is different from 
the colliding pair (nuclear reaction or excitation). If the energy of the 
system does not make the second alternative possible, we shall speak of 
a one alternative reaction which is, in reality, elastic scattering. If the 
collision can yield, instead of the original pair of nuclei, another pair or 
two alternative pairs, we shall speak of a two or three alternative reaction. 
Thus, e.g., the collision of Be® and a neutron, which can yield either Be® + 
neutron, or Li® + H’, or He® + He‘, or Be!® + y-ray, will be called a four 
alternative reaction. The number of alternatives of the reaction which 
we investigate will be denoted by ». Contrary to what may seem from 
the above examples, this is usually not a very small number because most 
reactions can yield the end-products in numerous different states of excita- 
tion which are to be considered all as different alternatives. Reactions 
which yield more than two particles (e:g., H? + H' = H! + H? + neutron) 
are excluded from the present treatment. 

One arrives at a rather definite energy dependence of the cross-sections 
of reactions of the above nature if one assumes, as was done in the paper 
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of reference 1 (a), that the wave function of the compound nucleus (i.e., 
the wave function in that part of configuration space where all particles 
are close together) is, in first approximation and apart from an energy de- 
pendent coefficient, independent of energy. On the other hand, if one 
admits, as was done in 1 (0d), that the wave function of the compound 
nucleus may be a linear combination of several, or even infinitely many, 
energy independent functions with energy dependent coefficients, the con- 
clusions for cross-sections, etc., become much less definite. This is quite 
natural since this last assumption is in reality no assumption because 
every wave function, and hence also the wave function of the compound 
nucleus, can be written as a linear combination of a definite set of func- 
tions. Any specialization contained in the second of the above papers 
is contained in the discussions in which assumptions are made about the 
order of magnitude of the constants occurring in the expressions for cross- 
sections, etc. The most important assumption discussed is that the dis- 
tance of the resonance levels from each other is greater than their width. 

However, even if one does not make any such assumptions, the results 
of the second paper are not vacuous but contain at least three general 
statements. The first two of these are: 

(i) That the elastic scattering cross-section does not vanish in general 
for any value of the energy, except in one alternative reactions. 

(ii) The reaction cross-section vanishes for discrete values of the energy 
in two alternative reactions. In three and more alternative reactions no 
reaction cross-section (and because of (i) no scattering cross-section) 
vanishes in general for any value of the energy. 

The third result is mofe difficult to formulate and will not be taken up 
at this occasion. However, a proof which is independent of the formalism 
employed in reference 1 will be given for the above assertions which will, 
at the same time, generalize them inasmuch as the assumption of zero 
angular momentum of the colliding particles will not be employed. 

2. It is well known that the total effective cross-section of a reaction, 
such as the transformation of a pair j into a pair /, is a sum of several partial 
_cross-sections even if all particles which participate in the reactions have 
zero spin. These partial cross-sections correspond to the different angular 
momenta 0, h, 2h, 3h, ..., Lh, ... of the colliding particles around their 
common center of mass: 


on = Dox’. (1) 
+ 


The partial cross-sections can be expressed in terms of the matrix elements 
of the collision matrices U” 


|3 


oy = = (2L + 1)|Upt — dy)’. (1a) 


~~, 
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The collision matrices are n dimensional unitary symmetric matrices and 
they depend on the energy, k; is the wave number corresponding to the 
relative motion of the colliding particles and 6,, is zero except in the case 
of elastic scattering, i.e., if.j = /. Equations (1) and (la) are valid not 
only if the spins of all colliding particles and reaction products are zero 
but also if there is no interaction between orbital motion and spin. It 
follows from the conservation law for angular momentum in both cases 
that the relative angular momentum of the reaction products is equal to 
the relative angular momentum of the colliding particles. 

The above two rules (i) and (ii) will be shown to hold for the partial cross- 
sections ¢;,;" rather than the total cross-section o;;. Since the o;," vanish, 
in general, only for isolated values of the energy, the o;, itself will not vanish, 
in general at all. However, as long as the total energy of the system is 
low, o;;" for L > 0 will be very small and the vanishing of ¢;,;° will entail 
the vanishing of ;; also. Even if several oc,” contribute substantially to 
the total cross-section, the vanishing of one of them has some observable 
significance because the o;;” can be separated to some extent due to the 
different angular distributions: with which they are connected. 

If some of the reaction products or colliding particles have spins and if 
these interact with the orbital motion, the situation is even more com- 
plicated and will not be described in detail. The total cross-sections will 
become sums of even more terms than (1) indicates. All the partial cross- 
sections will be connected with matrix elements of a collision matrix in a 
way similar to (la) and the rules (i) and (ii) remain valid for the partial 
cross-sections. However, the decomposition of the total cross-section 
into partial cross-sections will be even more difficult experimentally than 
in the above-described simple case. It will probably be possible only for 
low energies when only particles colliding with zero angular momentum 
can react with each other. 

3. The rules (i) and (ii) will be demonstrated now by the method of 
counting the number of free parameters (a) in a general symmetric unitary 
matrix, (b) in a symmetric unitary matrix the jj element of which is 1, 
and (c) in a symmetric unitary matrix of which an off diagonal element : 
vanishes. First we prove that: 

The characteristic vectors of a symmetric unitary matrix can be as- 
sumed to be real. From U = U’ follows U* = Ut and from UtU = 1 
then U*U = 1. Hence from Uv = wv follows U*Uv = v = wW*v or, 
taking the conjugate complex w*Uv* = v*. Since for the characteristic 
value w of a unitary matrix w* = w', the last equation states that v* is 
a characteristic vector of U and that it belongs to the same characteristic 
value to which v belongs. It then follows that the real vectors v + v* 
and i(v* — v), ie., the real and imaginary parts of v, are also characterist'c 
vectors of U so that the characteristic vectors can all be assumed to be real. 
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(As a matter of fact, the derivation of the symmetric nature of U shows that 
this nature is a consequence of the real character of its characteristic vec- 
tors.) Asa result, U can’be written in the form 


U = R’'QR (2) 


where © is a diagonal matrix with diagonal elements of modulus 1 and R 
is a real orthogonal matrix. Conversely, R’QR is evidently both sym- 
metric and unitary. 

The number of real parameters in Q is n, in R it is !/2n(n — 1) so that U 
can be characterized by 1/2n(m + 1) real parameters. 

Let us now consider a real symmetric matrix for which U;; = 1. It 
then follows from the unitary condition that all U;; and U;, with] ¥ j 
vanish. As a result, the number of free parameters in an m dimensional 
matrix U with U;; = 1 is the same as in a general m — 1 dimensional U, 
i.e., 1/o(a — 1)m. One therefore has to fix '/2(n + 1)n — '/o(n — 1)n = n° 
parameters to make an elastic scattering cross-section vanish. If one has 
only one parameter (the energy) at one’s disposal, this will be possible only 
if nm = 1, i.e., in one alternative reactions, that is, if, for reasons of energy, 
only elastic scattering is possible. This concludes the demonstration of (i). 

When considering the case of a vanishing reaction cross-section, i.e., 
U;, = 0 with j ¥ /, we can assume, without loss of generality that 7 = 1, 
l = 2so that Uy, = 0. 

If U is two-dimensional Uj, = 0 means that U is a unitary diagonal 
matrix. Since the modulus of the diagonal elements must be 1, such a 
U will have two free parameters. The general two-dimensional symmetric 
unitary matrix has three free parameters so that it will be possible, in 
general, to make Uy» vanish by a suitable choice of the energy. This con- 
cludes the discussion of the first part of (ii). 

A three-dimensional symmetric unitary U with Uy, = 0 has one of the 
two forms : 





ww’* cose 0 w sin g w” 0 0 
0 w” 0 or |i(0 ww’* cos ¢ w sin ¢ (3) 
‘lw sin ¢ 0  -—ww'cos¢g|| {0 wsing —ww’ cos ¢ || 


Since the modulus of all w must be 1, both forms (3) contain four real 
parameters. The general three-dimensional symmetric unitary U has six 
parameters so that it will not be possible, in general, to make Uy = 0 
by varying a single parameter. This demonstrates (ii) for three alterna- 
tive reactions. (It also shows that if, for whatever reason, Ui. = 0, either 
U23 or U3 must vanish also.) z 

If U has n = 4 or more dimensions, U;. = 0 can be expressed, by means 


of (2), as 


Uy = DRa(cos ¢y + tsin 9)Rp = 0, (4) 
j 
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where the diagonal elements of 2 were denoted by cos gj; + 7sin ¢g;. Asis 
well known, the number of real parameters in R, if (4) is not fulfilled, can 
be counted as follows: the first column R, is an m dimensional vector of 
length 1, giving » — 1 parameters; the second column Rj» is of length 1 
and is orthogonal to the first column giving  — 2 parameters; the third 
column of R must be a unit vector orthogonal to the first and the second 
column, giving » — 3 parameters, etc. Altogether R has nm — 1+ (n — 
2) + (nm — 3) +...+ 1 = 1/2(m — 1)n parameters. If (4) is fulfilled, 
the second column must be orthogonal to the first column and to the 
vectors with the components R, cos g; and Ry sin g;. It has, therefore, 
if these three vectors are linearly independent, only » — 4 parameters 
instead of the m — 2 as above. Hence, the condition Uj: = 0 fixes two 
parameters and cannot be satisfied, in general, by varying the energy. 
If only two of the vectors Rn, Rn cos ¢, Ry sin gy; are independent, 
’ Rp still has to be orthogonal to one more vector than if the condition 
Uy = 0 is not imposed. In addition, the linear relation between the 
vectors Rn, Rp cos ¢;, Rp sin ¢g; gives at least one additional condition so 
that the number of free parameters in U with Uy» = 0 is, in this case, at 
least two smaller than it isin the general U. If both Ry cos yg, and Rj sin 
¢, are multiples of Ry, all y, are equal which involves certainly more than 
two conditions. This shows that the conclusion of the preceding para- 
graph is valid in’ general and completes the demonstration of (ii). 


1 (a) E. P. Wigner; Phys. Rev., 70, 15 (1946); (b) to appear in the November, 1946, 
issue of Phys. Rev. 

2 Breit, G., and Wigner, E., Ibid., 49, 519, 642 (1936). For further literature see, 
e.g., reference 1 (a). 


ALGEBRAIC MATRIC GROUPS 
By E. R. Ko._cuin 
DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY 


Communicated October 24, 1946 


Let & be a multiplicative group of square matrices (a;;) of degree n 2 1 
with elements a;; contained in an algebraically closed field ©. © is called 
algebraic if there exists a set g of polynomials in C[..., x, ...] such that: 
(a) for each (a,;) in G and each f(..., xi, ...) ing we have f(...,ay,...) = 
0; (6) every non-singular matrix (a,;), with elements in C such that f(..., 
a, ...) = 0 for each f(..., xy, ...) ing, isin @. Such algebraic matric 
groups are encountered in the Picard-Vessiot theory of homogeneous 
linear ordinary differential equations, where they play a réle similar to 
that played by finite permutation groups in the Galois theory of algebraic 
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equations. Any attempt to clarify and rigorize the Picard-Vessiot theory 
must include an adequate treatment of algebraic matric groups, and 
preferably (if the Picard-Vessiot theory is to be completely algebraic) an 
algebraic one, independent of the theory of Lie groups. The present 
communication describes some results along these lines. A description 
of an algebraic development, of the Picard-Vessiot theory is contained 
in the note immediately following. 

If we take g as large as possible, so that it is unique, then © consists of 
the algebraic manifold of g (called the underlying manifold of ©) with a 
lower-dimensional algebraic manifold deleted. It turns out that the 
irreducible components of the underlying manifold of © are pairwise dis- 
joint (except for singular matrices) and all have the same dimension, and 
the irreducible component containing the identity matrix ¢ is the under- 
lying manifold of a normal algebraic subgroup of © of finite index (= num- 
ber of irreducible components). Definitions: this subgroup is the com- 
ponent of the identity of & (notation: G°); @ is connected if G = G°; 
the dimension of @ is that of its underlying manifold. 

We call @ anticompact if G@ contains no matrix +e of finite order not 
divisible by the field characteristic », and call G quasicompact if every 
algebraic subgroup of @ of order >1 contains such a matrix. By making 
joint use of the algebraic manifold properties and group properties of G 
we can prove: (1) G is anticompact if and only if each matrix of & is re- 
ducible to special triangular form (0’s below the main diagonal, 1’s on it), 
i.e., if and only if each matrix in @ has all its characteristic roots equal to 
1. (2) © ts quasicompact if and only if each matrix in © is reducible to 
diagonal form. 

G is called solvable if © has a normal chain in which all the factor groups 
are abelian (here “normal chain’’ signifies a normal chain in the usual sense 
plus the restriction that all members of the chain be algebraic). @ is 
solvable if and only if its sequence of commutator subgroups terminates 
with the identity group (the commutator subgroup W’ of G is the smallest 
algebraic subgroup of @ containing oro—'+—' for all ¢ and rin @). Using 
several lemmas it is possible to prove that if & is connected and solvable 
then © is reducible to triangular form (0's below the main diagonal). The 
proof employs a double induction on the matrix degree » and the normal 
chain length r. Form = 1 there is nothing to prove. Letting > 1 and 
supposing the result verified for matrices of lower degree, we can assume 
that © is irreducible (this requires a lemma asserting that the blocks of a 
reduced algebraic matric group are themselves algebraic matric groups, 
connected when the given reduced group is). Forr = 1 (i.e., for abelian 
@) the result is an easy consequence of Schur’s lemma. Letting r > 1 
and supposing the result verified for matrices of degree m with lower values 
of r, we see that the second member @, of the normal chain for & of length 
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r is reducible to triangular form (this requires a lemma asserting that 
@’ is connected whenever © is, permitting the assumption that @, is con- 
nected). Then an argument making use of the reducibility of @, to 
triangular form and the abelian nature of G/@, leads to a contradiction. 

Using this theorem and the results 1 and 2 above, it can be shown that 
is solvable and anticompact if and only if © is reducible to special triangular 
form, and if & is reducible to triangular form and 1s quasicompact then & is 
reducible to diagonal form. 

Finally, we investigate the extent to which the concepts ‘‘solvable,” 
“anticompact,”’ and ‘‘quasicompact’’ are broadened by the introduction 
of apparently more inclusive definitions by means of conditions on a normal 
chain 


G = ®26,2...26-:2 G, =. 


Using above-mentioned results concerning @° and @’ it is not hard to 
show that if every factor group @,-1/@, is abelian or finite then &° is solvable. 

If the definitions of anticompact and quasicompact are extended to factor 
groups in the obvious way, it can be proved (using a slight generalization 
of result 1 above) that: if every factor group Gi-1/@; 1s anticompact or 
finite then @° is anticompact; if every G;-1/@; ts anticompact then © is, 
too. Analogous to the second part of this theorem is the result that if 
every G;-1/@,; is guasicompact; then © is, too. I donot know whether the © 
analog to the first part is true or false (for p = 0 it is obviously true, as a 
finite group is then quasicompact; for p > 0 a finite group may not be 
quasicompact, e.g., a group of order divisible by /). 


THE PICARD-VESSIOT THEORY OF HOMOGENEOUS LINEAR 
ORDINARY DIFFERENTIAL EQUATIONS 


By E. R. KoLcuIn 


DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY 
Communicated October 24, 1946 


The Galois theory of homogeneous linear ordinary differential equations 
as developed by Picard and Vessiot is founded on the theory of Lie groups 
and on the general theory of differential equations.'_ Because of the loose 
state of the Lie theory at the time, the weakness then of the theory of 
differential equations with respect to its algebraic aspects, and the over- 
intimate connection with the analytic point of view, the Picard-Vessiot 
theory suffers from a certain lack of rigor, completeness and simplicity. 
The present communication describes an attempt to algebraize, rigorize, 
round out and extend the Picard-Vessiot theory. Use is made of the Ritt 
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theory of algebraic differential equations? (unavailable, of course, to Picard 
and Vessiot), and some results concerning algebraic groups of matrices 
developed for the purpose.* 

Let ¥ be a differential field (ordinary or partial) of characteristic 0, 
G a differential extension field thereof. A set of isomorphisms of G over 
¥ (i.e., isomorphisms of G under which each element of § is invariant) will 
be called abundant if for each differential field $, between F and G and 
each element a in G — &, there is an isomorphism in the set under which 
ais not invariant but every elment of Fis. By a previous paper‘ such sets 
of isomorphisms always exist. § will be called a normal extension of & 
if the group of all automorphisms of G over & is abundant. 

Let G be a normal extension of §, and let @ be an abundant group of 
automorphisms of G over § (not necessarily the group of all such auto- 
morphisms). For any differential field $, between F and G let G(5:) 
denote the group of all automorphisms in @ which leave invariant each 
element of 5, (thus G@(F) = G and GG) = G, the identity group). Then 
it is easy to show that the mapping F, ~ G(5;) is a one-to-one correspondence 
between the set of all differential fields between § and G and a certain set of ' 
subgroups of G. Furthermore: @(%:) ts @ normal subgroup of © if and 
only tf oF, = F, for every « in WG; when this condition is satisfied then F, 1s a 
normal extension of § and ®/@(S1) ts tsomorphic with an abundant group of 
automorphisms of 5, over §. I do not know, in the case in which @ is the 
‘ group of all automorphisms of G over $, whether @/@G(,) is isomorphic 
with the group of all automorphisms of 5; over §. 

Henceforth, suppose that § is an ordinary differential field of charac- 
teristic 0 with an algebraically closed field of constants ©, and consider a 
homogeneous linear differential polynomial L(y) = y™ + py®-? + 
... + pny (each p; in F). Ifm, ..., aren solutions of L(y) = 0, linearly 
independent over @, which are contained in some extension of §, and if 
the differential field G obtained by adjoining m, ..., n, to ¥ contains no 
constants not in @, then § will be called a Picard-Vessiot extension of §. 
It turns out that every Picard-Vesstot extension G of § is normal, and the 
group of all automorphisms o of G over § 1s (isomorphic with) an algebraic 
group (also denoted by @) of matrices (k;,), with each ki; in @, such that 
ony = > v=1kym (7 = 1, ...,m). For the special case of Picard-Vessiot 
extensions it can be proved that the set of all groups @(5,) with F, between 
¥ and G is identical with the set of all algebraic subgroups of ; that when 
(51) is a normal subgroup of & then G/G@(F;) is isomorphic with the group 
of all automorphisms of $, over §, and that the dimension of the algebraic 
matric group @ equals the degree of transcendency of G over §. 

An element a of an extension of § is called an integral of an element a 
of that extension if a’ = a; a is called an exponential of an integral of a 
if a’ = aa. A differential extension field % of F will be called Liouvillian 
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if: (a) every constant in 3 isin ©; (6) © is an extension of § by means of 
integrals, exponentials of integrals, and algebraic functions, i.e., there is 
a monotonic sequence of differential fields F =H OAL... OF, =K 
such that for each 7 > 0 &; is obtained from §,-; by the differential field 
adjunction of a single element which is either an integral of an element of 
§¥;-1, an exponential of an integral of an element of $,-1, or algebraic over 
F -1. 

We shall have occasion to distinguish ten types of liouvillian extension, 
namely, extension by: 

(1) integral, exponentials of integrals, and algebraic functions (i.e., 
any liouvillian extension), 

(2) integrals and exponentials of integrals, 

(3) exponentials of integrals, and algebraic functions, 

(4) integrals and algebraic functions, 

(5) integrals and radicals, 

(6) exponentials of integrals, 

(7) integrals, 

(8) algebraic functions, 

(9) radicals, 

(10) rational functions (i.e., not a proper extension at all), 
Corresponding to these ten types of liouvillian extension we consider ten 
types of algebraic matric groups defined by properties of the component of 
the identity G° and of @ itself: 

(1) @° is solvable, 

(2) @ is solvable, 

(3) @° is solvable and quasicompact, 

(4) @° is solvable and anticompact, 

(5) Gis solvable and G° is anticompact, 
(6) @ is solvable and quasicompact, 

(7) Wis solvable and anticompact, 

(8) Gis finite, 

(9) Wis finite and solvable, 

(10) G=6. 

It is now possible to state the following extension of Vessiot’s big theorem 
on “‘solvability by quadratures.”” If the Picard-Vessiot extension G is con- 
tained in a liouvillian extension of § then ©° is solvable. Conversely, if G° 
is solvable then G is a liouvillian extension of §. In either case the iouvillian 
extension is of one of the types (1)—(10) if and only if the algebraic matric 
group & is of the corresponding type (1)—(10). 

1 For the literature of the Picard-Vessiot ‘theory see: Vessiot, E., Encyclopédie des 
sciences mathématiques pures et appliquées, tome II, vol. 3, fascicule 1, 58-170, esp. pp. 


152-165 (1910). 
2 A general account of this theory as of 1938 is contained in: Ritt, J. F., American 
Mathematical Society Semicentennial Publications, II, 35-55 (1938). 
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3 See the immediately preceding note. Familiarity with the results of that note will 
be assumed in the present communication. 
* Kolchin, E. R., Annals of Mathematics, 43, 724-729 (1942). 


A CHARACTERIZATION OF A SIMPLE PLANE WEB 
By R. L. Moore 


DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF TEXAS 
Communicated Oct. 14, 1946 


The compact continuum M is said to be a simple web if there exist an 
upper semicontinuous collection G, of mutually exclusive continua, and 
another such collection G2, such that (1) each of these collections fills up 
M, (2) each of them is a dendron with respect to its elements and (8) if 
g. is a continuum of G,; and ge is a continuum of G2, the common part of 
gi and ge exists and is totally disconnected. 

In his thesis,| R. H. Bing has shown that in order that the compact 
plane continuum M should be a simple web it is necessary and sufficient 
that it should be a continuous curve which remains connected and locally 
connected on the removal of any countable point set. In the present 
paper? another characterization will be given. 

THEOREM 1. Every two points of a simple plane web are separated from 
each other in it either by each of uncountably many mutually exclusive arcs 
or by each of uncountably.many mutually exclusive simple closed curves. 

Proof. Suppose M is a simple web in the plane E. The point set MW 
is* a continuous curve and‘ the boundaries of its complementary domains 
are simple closed curves no two of which have more than one point in 
common. Bing introduces and makes extensive use of the notion of a 
subcontinuum of M which is maximal with respect to being the closure of 
a connected point set which is the sum of a countable number of points 
and boundaries of complementary domains of M. Let H denote the set 
of all such continua. Every element of H is a continuous curve every 
non-degenerate cyclic element of which is a simple closed curve bounding 
some complementary domain of M and the collection H is contracting. 
Let G denote the collection whose elements are the continua of H and the 
points of M that belong to no continuum of H. Suppose A and B are 
points of M. 

Suppose first that A and B belong to the same continuum h of the 
collection H. There exists a non-degenerate cyclic element J of h such 
that if h-J exists no component of its closure contains both A and B. Let 
W denote the collection of all continua w such that w is either (1) a con- 
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tinuum of the collection G distinct from h, (2) a component of the closure 
of h-J, (3) a point of J which is not a limit point of any component of 
h-J or (4) a point of D, the complementary domain of M of which J is 
the boundary. The collection W is upper.semicontinuous and there exists 
a reversible transformation T throwing the continua of W into the points 
of a spherical surface S, or into those of a plane S, and such that (1) if J’ 
denotes the set of all continua of the collection W that intersect J, T(J’) 
is a circle and (2) T is reversibly continuous in the sense that the sequence 
Wi, We, W3, ... Of continua of the collection W converges to a subcontinuum 
of the continuum w of W if and only if the sequence T7(w:), T(w.), T(ws), 

. of points of S converges to the point T(w) of S. Let A’ and B’ denote 
the continua of the collection W that contain A and B, respectively. In 
S the point 7(A’) belongs to the circle T(J’). Let Z denote the set of all 
circles lying on S, with center at 7(A’) and with radii less than the distance 
from T(A’) to T(B’). For each circle z of the collection Z, let a, denote 
the are of z which contains no point of 7(D) but has, as its end-points, 
two points of T(J’). Let Q denote the collection of all such arcs a, for 
all circles z of the collection Z. Each arc of the collection Q separates 
T(A’) from T(B’) in S — T (D). But the collection Q is uncountable and 
the set of all non-degenerate continua whose images under T are points of 
S is countable and thus all but a countable number of the arcs of Q are 
images under 7 of arcs in the plane E. But since every arc of Q separates 
T(A’) from T(B’) in S — T(D) therefore A is separated from B in M by 
every arc of which an arc of Q is the image under 7. It follows that there 
are uncountably many mutually exclusive arcs each separating A from 
Bin M. 

Suppose now that no continuum of the collection H contains both A 
and B. In this case there exists a transformation T throwing the continua 
of G into the points of a sphere S and such that T is reversibly continuous 
in the sense described above. Let A’ and B’ denote the continua of G 
that contain A and B, respectively. On the spherical surface S, 7(A’) 
is separated from 7(B’) by every circle on S with center at J7(A) and 
radius less than the distance from 7(A’) to T(B’). All but a countable 
number of these circles are images under T of simple closed curves and 
every one of these simple closed curves separates A from B in M. 

THEOREM 2. [f every two points of the compact continuum M are separated 
from each other in M by each of uncountably many mutually exclusive sub- 
continua of M but M has no cut point then M 1s not separated by any countable 
point set. 

Proof. Since every two points of M are separated from each other in 
M by a continuum, M is’ a continuous curve. Suppose the points A and 
B are separated from each other in M by a countable point set K. Then 
there exists a closed non-degenerate subset H of K such that H separates 











VoL. 32, 1946 MATHEMATICS: R. L. MOORE 313 


A from B in M but no proper subset of H does so. Every point of H is 
a limit point of both M4 and Mz, the components of M — H that contain 
A and B, respectively. By hypothesis, H is non-degenerate. Let E and 
F denote two of its points. There exists a subcontinuum L of M separat- 
ing E from F in M and containing no point of K. Since E + F+ Mag 
and EF + F + Mz are connected subsets of M, L intersects both M, and 
My. Hence L + My, + Magis connected. But it contains A and B and 
no point of H. This involves a contradiction. 

THEOREM 3. If every two points of the compact continuum M are separated 
from each other in M by each of uncountably many mutually exclusive sub- 
continua of M and M has no cut point then if e is a positive number there 
do not exist in M infinitely many mutually exclusive arcs of diameter more 
than e such that each of them is the sum of a countable number of continua t 
such that t is either a point or a subset of the boundary of some complementary 
domain of M. 

Proof. Suppose that, for some e, M contains infinitely many mutually 
exclusive arcs satisfying these conditions. Then there exists a sequence 
1, Q2, a3, ... Of them converging to some non-degenerate continuum JN. 
Let E and F denote two points of N. There exists a subcontinuum T of 
M separating E from F in M and such that, if T intersects a,, every com- 
ponent of 7’. a, is a subset of some segment of a, lying on the boundary 
of some complementary domain of M@. There exist circles Jz and Jy with 
centers at E and F, respectively, and a sequence of mutually exclusive 
arcs FE, F;, E2F2, ... such that, for each n, E,F,, is, for some m, an interval 
of a», lying wholly without each of the circles Jz and Jy, except that E, 
and F, belong to Jz and Jy, respectively, and furthermore 7 intersects 
every arc of the sequence £\/\, E22, ... and lies wholly without both 
Jz and Jy. There exist two integers 7 and j, less than or equal to 3, and 
ares EE, and F;F; lying on Jz and Jy, respectively, such that T intersects 
both /, the interior and E£, the exterior, of J, the simple closed curve E;F; + 
FiF, + E,F; + E.E;. It follows that some component Q of T.J, and 
therefore either of T.(£;F;) or of T.(E;F;), contains both a limit point of 
of T.J and a limit point of T.E. But Q is a subset of a segment of E;F; 
or of £;F; lying on the boundary of some complementary domain D of 
M. The domain D contains a point of M. This involves a contradiction. 

TuEoreM 4. [f every two points of the compact continuum M are separated 
from each other in M by each of uncountably many mutually exclusive sub- 
continua of M but M has no cut point then if K is a countable subset of M, 
M — K 1s locally connected. 

Proof. A point set will be said to be of Class 1 if it is the sum of a count- 
able number of continua such that each of them is either a point or a 
subset of the boundary of some complementary domain of M. 

For each point P of M let Mp denote the point set consisting of P and 
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all points X of M, if there are any, such that X and P are the extremities 
of an arc of Class 1. 

Suppose P isa point of M. Suppose A is a limit point of Mp not belong- 
ing to it. There exists a sequence P;, Ps, Ps, ... of distinct points’ of 
Mp — P converging to A. For each there exists an arc PP, of Class 1. 
Let m; denote 1, let B,, denote P and let m, denote the smallest positive n 
such that P,, does not belong to PP,,, for any m greater than or equal to n. 
Let B,, denote the first point in the order from P,, to P that PP,, has in 
common with PP,, and let B,,P,, denote the interval of PP,, whose end- 
points are B,,and P,, There exist an infinite sequence of positive integers 
M1, N2, Ms, ..., an infinite sequence of points B,,, Bn,, Ba, ... and an infinite 
sequence of arcs By,P,,, Ba,Pn, ... such that (1) By,, Ba, are as described, 
(2) for each j, mj+-1 is the smallest positive integer such that P,, does not 
belong to PP,, for any m greater than or equal to m, and 7 less than or 
equal to j, (3) Bnj,, is the first point, in the order from Pn;,, to P on 
PPj,, that PPn,,; has in common with the point set B,,P,, + Bn-P., + 
... + Bn;Pn; and (4) Bn;+,Py;, is the interval of PPx;,, whose end-points 
are B,;,, and Py;,,. No two of the arcs B,,P,,, Ba,Pn» BryPny ... have 
more than one point in common. Suppose there exists a positive number 
e such that, for infinitely many integers 7, the diameter of Bn,Pn; is greater 
than e. Then for each 7 there exists an interval of BnjPn; of diameter 
more than e and having neither Bx, nor Px, as an end-point. This is con- 
trary to Theorem 3. It follows that no arc of the sequence B,,P»,, Bn-Pn,, 

.. intersects more than a finite number of the others. Hence there exists 
an infinite sequence Q:, Qo, Q3, ... such that (1) for each n, Q, is a finite 
collection of one or more arcs of the sequence Bpy,P»,, Bn-Pn, ..-, (2) 
B,,Px, is the only element of Q:, (3) each arc of Q,4; intersects some arc 
of Q,, but intersects no arc of Q,-1 if m > 1, (4) each are of the sequence 
By,Pny» Bn,Pn, ... belongs to some collection of the sequence Q:, Qe, Qs, 

There exists’ an infinite sequence m1, m2, ms, ... of distinct integers 
of the sequence , m2, m3, ... such that, for each 7, Bm,Pm; belongs to Q, 
and intersects Bm;,,Pm;,,. If, for each j, a; denotes the point Bm, or the 
interval Bm;Bm;,, of Bm,Pm; according as Bm, is or is not identical with 
Bmj.;, then A + am + a2+ ...isanarcfromPtoA. But it is of Class 1. 
Hence A belongs to Mp and Mp is closed. 

With the aid of Theorem 3 and the fact that every two points of Mp are 
the extremities of an arc of Class 1 lying in Mp, it may be shown® that if 
A is a point of Mp and € is a positive number there exists a positive number 
5¢ such that every point of Mp at a distance less than 5¢ from A lies together 
with A in an arc of Class 1 of diameter less thane. It follows that not only 
is Mpa continuous curve but every two points of a connected open subset 
of Mp are the extremities of an arc of Class 1 lying in that subset. 

Suppose AXB is an arc of Class 1 lying in Mp and suppose no boundary 
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of a complementary domain of M contains a segment of AXB containing 
X. Suppose X does not separate A from Bin Mp. Then, since Mp is a 
continuous curve, if D is the component of Mp — X that contains A, D 
is an open subset of Mp — X containing B and therefore it contains an arc 
AYB of Class 1. The point set AXB + AYB contains a simple closed 
curve J of Class 1 containing a segment of AXB containing X. The curve 
J is not the boundary of any complementary domain of M. But it is 
the sum of two mutually exclusive point sets Ni and N2 such that JN; is 
countable and N2 is the sum of two or more segments each of which is a 
subset of some complementary domain of M. If J and E denote the 
interior and exterior of J the point sets M.J and M.E exist and N, sepa- 
rates them from each other in M. But this is contrary to Theorem 2. 

If A and B are points of Mp and the boundary of no complementary do- 
main of M contains both of them there exists an arc ACB of Class 1 lying 
in Mp and there exists a cut point X of ACB belonging to no segment of 
ACB which is a subset of the boundary of a complementary domain of M. 
Furthermore if a point X of Mp is common to J; and J2, the boundaries 
of two different complementary domains of M, and A and B are points of 
J, and Je, respectively, distinct from X, and AX and BX are arcs lying on 
J, and Jo, respectively, then AX + BX is an arc of Class 1 and the point 
X belongs to no segment of AXB which is a subset of any complementary 
domain of M. It follows that (1) if two points of Mp do not belong to the 
boundary of the same complementary domain of M they are separated 
from each other in Mp by some point and (2) if the boundaries of two com- 
plementary domains of M have a point of Mp in common that point 
separates Mp. Furthermore if the boundary of a complementary domain 
of M intersects Mp it is a subset of Mp. Hence every cyclic element of 
Mpis a simple closed curve which is the boundary of some complementary 
domain of M. 

Let G denote the collection of all continua g such that, for some point 
P of M, gis Mp. The continua of the collection G are mutually exclusive 
and if € is a positive number there are not more than a finite number of 
them of diameter more than ¢, and no continuum of G separates any two 
continua of G from each other in the plane. Furthermore G fills up 
and the boundary of each complementary domain of M is a subset of some 
continuum of G. Hence G is upper semicontinuous and with respect to 
its elements regarded as points, G is topologically equivalent to the surface 
of asphere. With the help of this fact and the fact that the surface of a 
sphere remains connected and locally connected on the removal of a 
countable point set, it may be shown that if K is a countable subset of 
M and H is the set of all elements of G that intersect K then (1) M—H* is 
connected and (2) it is locally connected at every one of its points not 
belonging to a non-degenerate continuum of G. But every point of a 
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continuum of H is a limit point of M — H*. Hence, M — K is locally 
connected at every point of M — K belonging to no non-degenerate con- 
tinuum of G. Suppose now that P is a point of M — K belonging to the 
non-degenerate continuum g of the collection G. If LZ denotes the point 
set (M — g) + Pand N denotes L — K-(M — g) then both L and N are 
locally connected at P and every point of g that does not belong to K is 
a limit point of N. Hence M — K is locally connected at P. Thus the 
omission of any countable point set leaves M locally connected. 

The following theorem has now been established. 

THEOREM 5. In order that the compact non-degenerate plane continuum 
M with no cut point should be a continuous curve which remains both con- 
nected and locally connected on the removal of any countable point set, it is 
necessary and sufficient that for every two points X and Y of M there should 
exist uncountably many mutually exclusive continua each separating X from 
Y in M. 


1 Bing, R. H., ‘‘Concerning Simple Plane Webs,”’ Trans. Am. Math. Soc., 60, 133-148 
(1946). 

2 In this paper, except where there is some indication to the contrary, it will be under- 
stood that space is a Euclidean plane E£. 

3 Moore, R. L., ‘“‘Concerning Webs in the Plane,” these PROCEEDINGS, 29, 389-393 
(1943). 

4 Bing, R. H., loc. cit. 

5 Moore, R. L., ‘‘A, Characterization of a Continuous Curve,” Fundamenta Mathe- 
maticae, VII, 302-307 (1925). 

6 Since the continuous curve M has no cut point, therefore, by Theorem 9 of my 
paper ‘‘Concerning the Common Boundary of two Domains,”’ [bid., VI, 203-213 (1924), 
the boundary of every complementary domain of M is a simple closed curve. Since 
M is not separated by any pair of its points, no two of these boundaries have more than 
one point in common. Cf. R. H. Bing, loc. cit. 

7 This may be established by an argument strictly analogous to that given to prove 
Theorem 78 in Chapter I, of my book ‘‘Foundations of Point Set Theory,’? Am. Math. 
Soc. Colloquium Pub., Vol. XIII, New York (1932). 

8 This may be done with the aid of an argument having much in common with the 
argument given to prove Theorem 8 in Chapter II of the book cited in footnote 7. 

® The notation H* is used to denote the sum of all the point sets of the collection H. 
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CYCLOTOMY AND TRINOMIAL EQUATIONS IN A FINITE 
FIELD 


_ By H. S. VANDIVER 
Dept. oF APPLIED MATHEMATICS, UNIVERSITY OF TEXAS 


Communicated September 23, 1946 


H. H. Mitchell' considered a finite field of order g' where g is any prime 
and g — 1 = ev. Since the group formed under multiplication by the 
non-zero elements of the field is cyclic we may represent all such elements 
as powers of one element, say g.. Denote the number of solutions of the 
congruence 


1+ o; = og; (1) 


by [1, 7] where o; denotes any element whose index is congruent to 7 modulo 
é. 
Represent also the residue of index (—1), modulo e, by e¢, so that if qg 
is odd e« = 0, e/2 according as v is even or odd, whereas if g = 2, « =0. 
He then found 


uli, Oh go Tg 26 J) =» (2) 
and also the following quadratic relations 
Lie Ale —1,m—1) = uli, k\[j — 1,m — 4], (3) 
where 1 = 0, 1,2, ...,e — 1; 7 =1, 2, ..., @e — 1 (mod e), whereas if 


ij =0, m =k (mod e), we must add + to the left-hand side of the equation, 
and if k =0, m =j (mod e), we must add + to the right-hand side. 
The equation (1) may also be written in the form 


+ dia = gts (4) 


and we may note that [7, 7] is the number of solutions g’, g*, of (4), if 7, 





6 me O4, St, ¢ = ea 1. In other papers? the writer considered the 
number of solutions g’, g”, of 
1+ git = gh tes, (5) 


If we denote the number of solutions of (5) by (f, 2), then we shall show in 
another paper that quadratic relations, of a bit different type from (3), 
exist involving such symbols. In the present paper we develop some 
formulae which we shall need in the later paper. For this purpose we 
shall employ some of the principles of the theory of cyclotomic fields. 

Let p be an odd prime belonging to the exponent ¢ modulo / and such 
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that p‘ = 1 + cl with/ an odd prime and (c,/) = 1. Write 6 = ¢8, where 
¢ is a primitive /th root of unity and @ is a primitive cth root of unity. 
Set 


Vox, (9) = Di lt, j]oratrea tons : (6) 


J 


do # 0, bp F 0, a2 + by # 0 (mod cl), 7,7 = 0,1,...,d — 1. 
We have, as is known (Mitchell'), 
Vas,(9)Vasn(O-") = pr, (7) 


where [7, j] is defined as before with e replaced by cl, v by /, and g by p. 
Set in (6), b2 = byl, a2 + be = ayc with b; # 0 (mod ¢), a; ¥ 0 (mod /) and 
this agrees with the restrictions a2 # 0, b. =0, d2 + b2 # 0(modcl). Hence 
(6) may be written 


Va,,r,(9) - fi, J\E Plt +14 B ditt tay 


4,J 
or 


Ya.m(6) = Dale, sees. 
We now write a in lieu of a;c and 6 in lieu of —0,/ and put 
Van(6) = Dale, j]iv6m (8) 
a # 0 (mod /), b ¥ 0 (mod c). 


Set 7 = r + /h with h in the set 0, 1, 2,...,¢c — 1,and0 Sr </. Then 
the right-hand member of (8) becomes 


Ud [z, 7] pe. 


Similarly write 1 = v + ck; 0 Sv <c,0 Sk <1. Then the above may 
be written as 
c—1l—1 
DY Ve + chy + layer. 
r v =0k= 


By our*® theorem on trinomial equations we have 
¢-1i-1 


> > fw t+ ck, r + Ih) 


n=0 k=0 


is the number (v, r) of distinct solutions (g*, g”) of 


1 + getea = gtth 
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a in the set 0, 1, ...,/ — 1, and y in the set 0,1, ...,c — 1. Hence (8) 
gives 
Van() = DCG, jars (9) 
tJ 


7 ranging over the set 0, 1, ..., c — 1, andj ranging over the set 0,1, ..., 
1— 1. 

This function may also be written, if 7 ranges over the values 0, 1, ..., 
cl — 1 excepting (p' — 1)/2, 


Y piree tna CF +1), 


Hence we have the 

THEOREM I. If p 1s an odd prime belonging to the exponent t modulo | 
and such that p* = 1 + cl with 1 an odd prime and (c,l) = 1. Write é = 
¢B, where £ 1s a primitive Ith root of unity and B is a primitive oth root of 
unity. Let g be a primitive root of the finite field of order p', and denote by 
(v, r) the number of distinct solutions g, g* of 


1 + gotta = gi th 
a in the set 0,1, ...,1 — land y in the set0,1,...c — 1. Associated with 
this number (v, r) ts the cyclotomic function 


Va, (9) = py I) BY 


with a # O (mod 1), b ¥ O (mod c), 1 ranging over the set 0,1, ...c — 1 and 
j ranging over the set0,1, ...1 — 1. Said function has the property 


Ve, ()¥o, (0-1) = pt 


1 Mitchell, Ann. Math., 17, 165-177 (1916). 
2 These PROCEEDINGS, 31, 170-175; 189-194 (1945). 
3 Tbid., 32, 51 (1946), Theorem I. 
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ON SOME SPECIAL TRINOMINAL EQUATIONS IN A FINITE 
FIELD 


By H. S. VANDIVER 
DEPARTMENT OF APPLIED MATHEMATICS, UNIVERSITY OF TEXAS 
Communicated September 30, 1946 
In another paper’ we obtained results concerning the relations 


aut + br’ + we = 0 (1) 


and 
au’ + bv’ + 1 = 0, (2) 


in a finite field, F, of order p", designated by F(p"), where abuvw ¥ 0, 
a and b given elements of F. In the case where n = 1 explicit expressions 
were found giving the number of solutions uv’, v’, w’ in (1) and uv’, v’ in (2). 
In another paper? we considered the equation 


CX + Core™ 2.2. Hb CgXs* + Ce41,= 0, (3) 


where the a’s are integers such that 0 < a S p" — 1; 5 2 2, the c’s belong 
to F; and, C2... CsXiX2... X, #Oin F(p"). It was there shown (Theorem 
I) that the number of solutions of (3) may be determined if we know the 


number of solutions of 


ky + lem +1 =0, (4) 
for any given k and / in F(p") where (p" — 1, a;) = dh; 1 = 1,2, ..., 5; 
and m is the L.C.M. of di, d2, ..., d;, provided we have a table of indices 


for the elements of the field under multiplication. As (1) and (2) are 
special cases of (3) the method of the second paper applies to each of the 
former. But the use of the latter method, convenient as it appears, gives 
us no information in some cases concerning the number of solutions of (1) 
or (2). This is emphatically brought out by the following investigation. 
In (1) set f = g and we obtain 


au?’ + bv’ + uw = 0. (5) 


further set ef = p” — 1 with (e,f) = 1. Thisis the special case of Theorem 
I of the first paper herein mentioned, with f = g, ef = p" — land (e,f) = 1. 
If we apply the method of the second paper to (5) we note that since the 
least common multiple of e and f is p” — 1 then the equation (4) reduces 
tok +/+ 1 = 0, and this means that we have to know what various equa- 
tions of this type exist for classes of values k and /, which reduces to the 
problem we started with. However, the use of another method determines 
the number exactly as we shall now show. 
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Consider 


1 + bx! (6) 


where x/ ranges over all e possible values in the field. Each value, unless 
it is zero in the field, may be expressed in the form: 


— app", 
since the multiplicative cyclic group of, the non-zero elements of the finite 


field F(p"), generated by p, can be expressed as the product of two cyclic 
groups of orders e and f, noting that (e, f) = 1. If 


1+ bxf = -ay2, (7) 
say, then it follows that 
(eI + B(es-¥ = —ays, 
which has the form (5). Conversely if (5) holds, then 
1+ bowl = —a(w')ut, 


which has the form (7). Hence there is a one-to-one correspondence be- 
tween the possible values u, v and win (5), and the values x, y and z in (7). 
Since ef = p” — 1, then there are e solutions of (7), except when there 
exists an x such that 1 + bx’=0. In the latter case —bx/ = 1, and raising 
each member of this equation to the eth power, we have, since x@ = x?"—! = 
1, the condition (—b)* = 1. 

Hence we have 

TuHEoREMI. Jf ef = p" — 1 (e,f) = 1, p isan odd prime then the number 
of solutions u*, v’, w’, of the equation : 


aut + bt + uw=0; abuyvw ~ 0, 


with a, b, u, v and w quantities in the finite field of order p", a and b given, 
is e, unless (—b)* = 1 in the field and then the number is e — 1. 

This is apparently a very special result, but if we apply the methods 
employed? (pp. 48-49) elsewhere we see that the theorem will give the 
exact number of solutions of the equation given, when e and f are replaced 
by any of their divisors, so our result has a variety of consequences. In 
our first paper we proved a Theorem I which gave a direct method for 
obtaining a residue of the number of solutions of (1) if the present paper 
modulo p. We were led to Theorem I of the present paper by pursuing 
this scheme originally. Now we shall write p” = 1 + cl with / an odd 
prime and (c,/) = 1. To conform to notation used elsewhere, we shall, 
from now on, use g to denote a multiplicative generator of F(p”") instead 
of p. If we have an element a of F(p") and g* = a we write k = ind a. 
Consider the relation 
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ge 1 = 2, (8) 


and denote the number of solutions in g*, g", by (t, k). We shall prove 
that : 


1-1 
ind (g?—-1)= 0 h(i, h), (9) 
h=1 
modulo /. From (8) there are (z, 1) solutions g“ such that 
ind (g't — 1) =1 (mod J), 


and in general there are (7, 7) solutions g“i such that 


ind (gt; — 1) =j7 (mod J). 


Now altogether the values of s1, So, ..., S-1 are congruent to the / — 1 
numbers 1, 2, 3, ...,/ — 1, modulo/. Hence 

1-1 l-1 

DD ind (gt? — 1) = xX ii, 9), (10) 

F haa Jj? 


modulo /. Now we have if A and B are elements, £0, of F(p") 
ind A + ind B =ind (AB) (mod J), 
and the left-hand member of (10) may then be written 
ind (xg“r(g' — g~%)), 
ieee 
noting that 
oe «+ tee +9. 
We have 
wg! ='g™ = 1, 
g. 
where m = (J — 1)/2. Also 
_ w(gt — g%) = (g* — 1), 
J 
since g~% satisfies x' = 1 in the field for any j7. This gives (9). 


In another paper the writer showed that if (a(@ + 1), ) = 1 then for 
some k in the set 0, 1, ...,/ — 1, we have 


» a ra 4) a*+# = 1(mod p), 


s=0 


and for any m in the set 0, 1, ...,/ — 1 with m ¥ k we have 


p> ie ri 2 a" = 0(mod p). 
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()-8 


ifw > v. Weshall nowextend the ideas in the proof of this by considering 
the special equation 


Here 


e+e 7, (12) 


in F(p"), where d = cl/(p — 1), and obtain other congruences involving 
the number of solutions of (11) and binomial coefficients. We also arrive 
at a number of congruences involving binomial coefficients alone. Take 
p to be a primitive root of ] so that p'-' — 1 = Ic. We represent the finite 
field F(p'—') by means of the set of residue classes with respect to p, a prime 
ideal factor of (p) in the algebraic field k(¢) where ¢ = e*/', Since p is 
a primitive root of / then p = (p) and from (g“)?~! = 1 (mod p) we may 
replace g* by a non-zero rational integer, undetermined. Also we may 
select the generator (primitive root) g to be such that g° = ¢(mod p). 
Hence, the problem of finding the number of solutions of (12) is equivalent 
to the problem of finding the rational integers v, ¢ and r such that 


1 + vf = p’(mod p), (13) 


where p is a primitive root of the congruence x° = 1(mod ) in R(f). 

We now consider the solutions of (13) with v fixed. There is at least 
one solution given by 1 + v = p.(mod p), where po’ = 1(mod p), since 
p — 1 # 0 (mod J) and hence any rational integer is congruent to an /th 
power modulo p. This may be the only solution of (13) for v fixed, but if 
there is another it must be of the type 1 + vf* = pa; pa’ = 1(mod p); 
a # O(mod/). If in the last congruence involving v we use the substitution 
(¢¢/¢), 4 = 1, 2, ... 1 — 1 we obtain, since p = (), the relations 


1+ vf =p, (14) 
4=0,1,...,1 — 1; pé =1(mod p). If (14) exists then it is called an 
A-set corresponding to v. Now consider the case where v = p — 1 in 


particular. Here 1 + v =0, so that (14) does not exist for i = 0, but the 
other congruences in (14) may hold. If this is the case we say that there 
is a B-set corresponding to p — 1. If there is a v, say 14, which does not 
satisfy (14) fori = 1, then there is just one relation involving 1, namely 


1+%=p'; (p’)* =1(mod p) 


of the type (13). Then there is said to be a C-set corresponding tov. Now 
take all the possible values of v in (13), namely 1, 2, ..., p — 2, and also 
(p — 1) provided t # O(mod /). Let be the number of A-sets existing, 
then there are p — 2 — n, C-sets. 
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We shall derive a criterion for the existence of a B-set. In that case 
we have 


1+ @ — Df sp; = 1 
1 — §* = p(mod »), 
gag" — 9) = p(mod p), 
and using the substitution (¢/¢—') we have, if p,° = 1, 
s—*(C2 — ¢-"") = p (mod p), 
whence 
—f = p/p (mod p), 
and ¢* = 1(mod p). And since p is prime to /, then c =O(mod/). But — 
from the fact that this gives 
pit — "= p!(mod p) 
we obtain, if (p’)* = 1, 
1— ¢ =¢9'(mod p) 
or 
1 — (b — 1) =5'%p'(mod ») 
Hence a necessary and sufficient condition for the existence of a B-set is 
that c = 0(mod /). 
We now assume that (c, /) = 1 so that no B-set exists. In view of this 


there exist n, A-sets and p — 2 — n, C-sets so that the number of solutions 
Np in v, ¢, p, of (13) is 


No =p—-2—n+ 4. (15) 
We now proceed to find another expression for No. Using the method in 
another paper' we have where now 7 ranges over 0, 1,..., p — 2, 
> 1 — 1 + ket — p27" -) =N, (16) 


OMe 


modulo p, where h is a primitive root of p in the rational field, ¢ ranges 
over the set 0, 1, ..., 1 — 1, and s over the set 0, 1, ...,c — 1. This 
reduces, using the methods of the same paper, modulo p, to 


Jesihi’ o $1 ke $s 
N =- 2 & Bs 2 ey, (17) 


In the same way we reduce the expression 


N. = DF (c¢ — ce(1 + htt — p*)2’'-1), 


tis 
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where 7, ¢ and s range as in (16), which is congruent modulo p to the sum 
of the eth powers of all the possible values of ¢ in v, £, p, of (13), modulo p to 


N . l-1 @ ke 
ES , 17 

oe 5 pie ») (17a) 
where s, is selected so that s, = 0(mod p — 1) and also s, = —e(mod 2) 


for any e such that 0 S e</. But if e # O(mod 2) the sum of the e-th 
powers of the solutions {* in (13) is easily seen to be p — 2 — n, so that 


N, = —2 — n(mod p), (18) 
e = I, 2, iy OMS Eliminating m from the congruences (15) and (18) 
gives 

No + (l — 1)N, = —2l(mod p) (19) 
e # 0(mod /). ; 


We shall now find some other relations involving No. The expression 
1 + vf, as v ranges over 1, 2, ..., ) — 1 and?# over 0, 1, ..., 2 — 1 inde- 
pendently can in general be expressed in the form {’p, where p° = 1, pro- 
vided (c, 7) = 1. Hence we have 


(1 + 0f)* = ¢4(mod p). (20) 


Assume f # 0(mod/). Then let v and ¢ range as above indicated and add 
together the resulting congruences. Corresponding to each v for which 
an A-set exists the sum for these congruences on the right is /, so for all 
such v’s the sum on the right is m/. For av such that we have a C-set the 
quantities on the right are 1, ¢, ¢?, ..., ¢~! in some order and the sum is 
zero. The other possibility is when v = p — 1 and then the sum on the 
right for this value of v is (—1). When we add the congruences in (20) 
on the left for the various values of ¢ and ¢ each term involving these is 
zero except those whose binomial coefficients have the form 


(wie ») 


+ oe 
o- mE (yi) =u 


u=0 


and we then find 


modulo p. Since we have noted that (12) and (13) are equivalent, and 
using (15) we then obtain 

Theorem II. If pis a prime and a primitive root of the prime I, p'! — 
1 = Ic, (1, c) = 1, ga primitive root of the finite field F(p'—"), then the number - 
of solutions in g*, g', g" of the equation 


gt + g* = gt 
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in F(p'-'), where d = cl/(p — 1), is p — 2 + (1 — 1)n, where n is the least 
residue = 0 of 


=. = B;, 


modulo p, and where 


7“ z, bone »). 


B,=B;s a=1,2,...,8—1. 


Also, modulo p, 


1 These PROCEEDINGS, 31, 170-172 (1945). 
2 Tbid., 32, 47-52 (1946). 


A PARTIAL DIFFERENTIAL EQUATION OF FOURTH ORDER 
CONNECTED WITH RATIONAL FUNCTIONS OF A COMPLEX 
VARIABLE* 


By EDWARD KASNER AND JOHN De Cicco 
DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY, NEw York, N. Y. 
Communicated October 30, 1946 


1. We shall consider the class of polynomials ¢(x, y) which are obtained 
as the numerator of the real part of a rational function of a complex variable 
z = x + ty. This new class contains the harmonic polynomials as a 
proper subset. In general, a polynomial ¢(x, y) of this new class does not 
satisfy the Laplace equation. We find that it does obey a certain partial 
differential equation of fourth order. Essentially we are dealing with the 
numerators of all rational solutions of the Laplace equation. 

2. Harmonic polynomials are well known.! These are obtained as the 
real part of a polynomial or rational integral function in z. They con- 
stitute the class of polynomial solutions ¢(x, y) of the Laplace equation 


dzr + by = 0. (1) 


3. Consider a rational function w = f(z) of the complex variable z. 
This is expressed as the quotient of two relatively prime polynomials in z. 
The degree r of f(z) is the maximum of the two degrees of the numerator and 
denominator. 

Upon decomposing this rational function f(z) into its real and imaginary 
parts, we see that it can be written in the form 


_ of, y) , .W, 9) 
* *DG, 9)’ 





f(2) 


~ D(x, y) 
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where $(x, y), ¥(x, y), D(x, y) are real polynomials in the real variables 
(x, y) such that the numerator and denominator of each of the fractions 
appearing in the above equation have no common factors. Of course, 
D(x, y) can vanish only at the poles of f(z). 

The degree of ¢(x, y) (or ¥(x, y) or D(x, y)) is 2r — RwhereO Sk Sr. 

The new class of polynomials that we wish to study are all the poly- 
nomials ¢(x, y)(or ¥(x, y)) which are obtained in this way.? Of course 
each of the component fractions in equation (2) satisfies the Laplace 
equation, but the polynomials ¢(x, y), ¥(x, y), D(x, y), do not obey the 
Laplace equation in general. Obviously the harmonic polynomials are a 
proper subset of our new class. 

4, FUNDAMENTAL THEOREM. A polynomial $(x, y) 1s the numerator of 
the real (or imaginary) part of a rational function of a complex variable if 
and only if it obeys the partial differential equation of fourth order 


[= + 2] log [6(e + dn) — t+ 4%) =0. (8) 
ae? Oy? 


In expanded form, this is 


[b(dr2 + dyy) — (G2 + 4,7) [bezee + 2bzeyy + Pyvvy] 
— $[(Peor + Pryy)® + (Gesy + Pyvy)l + 262 (bce — Sy) (bens + Sey) + 
Wey(Pery + dy) + 2by[2bey (Gece + bevy) 
— ee — Py) (bexy + Pry) — Ger + Py) [Ger — by)? + 4b2,%] = 0. (4) 


Moreover, the bracketed expression of second order in (3) is not zero, and is 
always negative for real polynomials $(x,y). 

The denominator D(x, y) satisfies this partial differential equation. As 
a matter of fact, it annuls the expression of second order appearing in (3). 
That is, D(x, y) is any polynomial solution of the partial differential 
equation of second order 


o(dzz + bw) er (2? + dy’) = 0. (5) 


5. The polynomials $(x, y) and (x, y) are the numerators of the real and 
imaginary parts of a rational function of a complex variable if and only if 
they obey the system of partial differential equations of second order 


o(dzz + ow) = (oz? + dy’) - V(Wez + Vw) F (v2? + vy’), 
V (dex + ow) + $(Wez + bw) Es 2(bev2 + dyy)- 


In general, the two families of curves ¢(x, y) = const. and ¥(x, y) = 
const. are not orthogonal. However, the two algebraic curves ¢(x, y) = 0 
and (x, y) = 0 intersect orthogonally in [r? + (r — k)*] points. 

6. The real and imaginary parts of the special class (M) of polygenic 
functions defined as the product of an analytic function of 2 = x + ty by 


6) 
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another independent analytic function of 2 = x — ty, constitute the totality 
of analytic solutions of our partial differential equation (3) of fourth order. 
We observe that for this class (17) of polygenic functions, the equations 
(6) play the réle of the Cauchy-Riemann equations and the partial differen- 
tial equation (3) or (4) of fourth order is the analogue of the Laplace equation. 


* Presented to the American Mathematical Society, February, 1947. 

! The curves defined by setting a harmonic polynomial equal to zero were studied by 
Briot and Bouquet, Bécher, and Kasner. See Briot and Bouquet, Théorie des fonctions 
elliptiques, Book IV, Chapter II, p. 226 (1875). Kasner, ‘“‘On the Algebraic Potential 
Curves,” Bull. Amer. Math. Soc., 7, 392-399 (1901). Also ‘‘Some Properties of Potential 
Surfaces,’’ Ibid., 8, 243-248 (1902). 

2 The curves obtained by setting any polynomial ¢(x, y) of this class equal to zero, 
are being studied by the authors. See Kasner and De Cicco, “Rational Functions of 
a Complex Variable and Related Algebraic Potential Curves,’’ these PROCEEDINGS, 32, 
280-282 (1946). See abstracts in Bull. Amer. Math. Soc., 1946-1947. 


A REDUCTION THEOREM CONCERNING THE 
REPRESENTATION PROBLEM FOR FRECHET VARIETIES 


By J. W. T. Youncs* 
DEPARTMENT OF MATHEMATICS, INDIANA UNIVERSITY 


Communicated October 21, 1946 


The object of this note is to prove a reduction theorem which will be 
employed in a forthcoming paper to solve the representation problem for 
a wide class of Fréchet surfaces. The reduction theorem itself is true in 
ultimate generality within the class of Fréchet varieties; consequently 
the discussion here is not restricted to Fréchet surfaces. 

A first obligation is to define the terminology employed. If fi(X') C 
Y > f,(X*) are mappings (= continuous transformations) from Peano 
’ spaces X! and X°%, then fi(X') is said to be Fréchet equivalent to fo(X*) if 
and only if, for every « > 0 there is a homeomorphism /,(X'!) = X? such 
that p{fi(x'), foh.(x!)} < ¢, for x'eX'. (Notation: fi~ fo.) This equiva- 
lence relation partitions the totality of mappings from Peano spaces into 
equivalence classes [f]. Each equivalence class [f] is known as a Fréchet 
variety V, while any mapping in [f] is said to be a representation of the 
Fréchet variety V. It is clear that if f;(X') and f2(X?) are representations 
of the same Fréchet variety V, then: (i) the range spaces X!' and X? are 
topologically equivalent, (ii) the image spaces fi(X') and fe(X?) are 
identical. Hence with each Fréchet variety V there is associated a pair 
of Peano spaces: the first, V7, is topologically equivalent to the range 
space of any representation of V; the second, | V |, is the common image 
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space of any representation of V. (The topological properties of V serve 
to catalogue Fréchet varieties; for example, if V is a 2-manifold, M, then 
V is said to be a Fréchet surface of the topological type of M.) 

The representation problem for Fréchet varieties is the problem of de- 
termining the totality of representations of a Fréchet variety V upon 
being given any one representation, f, of V. In other words, the problem 
is to determine a criterion which will serve to obtain the totality of solu- 
tions, g, of the relation g ~~ f. Such a criterion will be called an F-criterion. 
The importance of the problem is due to the fact that given one representa- 
tion of a Fréchet variety there may be more favorable representations. 

The definition of Fréchet equivalence itself, of course, serves as an F- 
criterion, but in applications it is often impossible to decide on the basis of 
the definition alone whether two given mappings are equivalent or not. 
Hence, the problem really asks for an effective solution, effective in the sense 
of its applicability. 

For a short history of the problem one may consult a paper by Youngs.! 
Suffice it to say that the only solution to date is for the case in which V is 
of the topological type of a 2-sphere; that is, 7 is a 2-sphere. This note 
serves the purpose of recording a reduction theorem in the sense that the 
problem of finding an F-criterion for general mappings is reduced to the 
problem of finding an F-criterion for monotone mappings. 

The statement of the reduction theorem requires a factor theorem due 
to Eilenberg and Whyburn. For a proof of the theorem, and the defini- 
tions of the terms involved, one may consult Whyburn,? pages 141-143. 

Factor THEOREM. If f(X) = Y 1s a mapping from a Peano space, then 
there 1s a monotone mapping m(X) = X and a light mapping I(X) = Y 
such that f(x) = lm(x), x «X. 

A monotone-light factorization of f(X) is simply a factorization of the 
above type. (If f(X) = lm(X), m(X) = %' and 7(X) = km,(X), 
m;(X*) = X? are two monotone-light factorizations, then there is a unique 
homeomorphism h(X!) = ¥? such that hm(x) = meo(x), x « X, and /,h(r) = 
h(x"), x’ eX.) 

REDUCTION THEOREM. Two mappings f,\(X') and f2(X*) from Peano 
spaces X1 and X* are Fréchet equivalent if and only if there are monotone- 
light factorizations f\(X') = lm,(X") and fo(X*) = Im2(X*) such that m(X") 
and m2(X*) are Fréchet equivalent. 

Proof. Suppose first that there are monotone-light factorizations of the 
above type. Then m(X'!) = ¥ = m,(X?), and as / is continuous on the 
Peano space % it is uniformly continuous. Hence, for any e > 0 there is 
a 6 such that p{r, r2} < 6 implies p{J(r1), l(t2)} < ¢. Since m: ~ mz there 
is a homeomorphism h,(X') = X? with the property that p{mi(x'), moh, 
(x!)} < 6,x1¢X'. Therefore, p{f,(x"), fols(x")} = p{lmi(x), lmoh,(x!)} < ¢, 
x'¢X}, and sofi ~ fe ~ 
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The converse follows as a direct consequence of a theorem of Radé? 
(page 425) or Youngs! (page 714). The development of Radé is to be 
preferred and will be used here. The basic statement is the following: 

LemMA OF Rabo. [If lg,(X), ga(X) = ¥, m = 1, 2, 3, ... ts a@ sequence 
of equicontinuous mappings from a Peano space X and the mapping | ts light, 
then {gn} is also a sequence of equicontinuous mappings. 

Since f; ~ fo, for each m there is a homeomorphism h,(X') = X? such 
that p{fi(x'), feltn(x')} < 1/n, x4¢X1. In other words, foh»(x!) = fi(x"), 
xt ¢X! (= foh,(x') converges uniformly to fi(x!) on X!). Let fo(X*) = 
lm2(X*), m2(X*) = ¥ be a monotone-light factorization. Now lmeh,(x') + 
f(x), x1 X', and so {lmzh_} is a sequence of equicontinuous mappings. 
Consequently, by the lemma of Radé quoted above, {mzh,} is also a se- 
quence of equicontinuous mappings. Since X is Peanian, the sequence 
{m2h,} contains a uniformly convergent subsequence, and it may be as- 
sumed that the notation {m2h,} refers to this subsequence, while m, denotes 
its limit. It is important to notice that each mapping mh, is monotone, 
consequently the statement moh,(x') = m,(x"), x'¢X' has several im- 
mediate implications. 

(i) m ™ Me. 

(ii) meh,(X') = X, hence m,(X') = X¥ is monotone by a theorem of 
Whyburn? (page 174). 

(iti) Lmeh,(x!) = Im(x'), x'e¢X'. On the other hand, lmeh,(x') 
faltn(x") = filx'), x1 ¢ X4, and so fi(x') = lmy(x!), x1 € X?. 

This shows that there are monotone-light factorizations f,(X"*) 
lm,(X") and fe(X?) = lm2(X?) such that m, ~ me. 

In conclusion it should be explicitly stated that the argument used in 
the second half of this theorem is the argument employed by Radé® (page 
426). The only conclusion drawn here which is not mentioned by Radé 
is that m, ~ m2. On the other hand, Radé proves a simple but funda- 
mental statement (not recorded here) on the basis of which he is able to 
prove the most general theorems known concerning the cyclic additivity 
of the Lebesgue and de Gedcze areas of a Fréchet surface—a beautiful 
result. In view of these comments it is not unlikely that this reduction 
theorem, which will be of fundamental importance in the proposed solution 
of the representation problem, has apparently escaped mention because 
there was no intention to apply it. -It is exhibited here as the key toa 
proposed body of research. 


* Fellow of the John Simon Guggenheim Memorial Foundation. . 

1 Youngs, J. W. T., ‘“‘The Topological Theory of Fréchet Surfaces,” Annals Math., 
45, 753-785 (1944). 

2 Whyburn, G. T., “Analytic Topology,’’ American Mathematical Society Collo- 
quium Publications, Vol. 28 (1942). 

8 Rad6, Tibor, “On Continuous Mappings of Peano Spaces,” Trans. Amer. Math. 
Soc.. 58. 420-454 (1945). 
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ON SETS OF INTEGERS WHICH CONTAIN NO THREE TERMS 
IN ARITHMETICAL PROGRESSION 


By F. A. BEHREND 
DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF MELBOURNE 
Communicated October 18, 1946 


Let S be a set of non-negative integers <N no three of which form an 
arithmetical progression (i.e., A + A’ ¥ 2A” for any three distinct terms 
of S). Let »(NV) denote the maximum number of terms of such a “‘pro- 
gression-free’”’ set. Salem and Spencer! proved that for « > 0 and suffi- 
ciently large N 

gee log2 +e 
v(N) >wN log log N, 
I will show in this note that, by a modification of their method, the better 
estimate 
ae 2/2 log 2 + 
v(N) > N Viog N 


can be obtained. 
For any integers d 2 2, 2 2, k < n(d — 1)? consider the set S,(n, d) 
of all numbers of the form 


A= a, + a,(2d — 1) 5 ee + a,(2d — 1)*-! 
where the “‘digits’’ a; are integers subject to the conditions 
O<a<d (i) 


(norm A)? = (ii) 
where 





norm A = Vay? + ay? + wee HH A,y?. 


This set is progression-free; for suppose A + A’ = 2A” for A, A’, A” in 
S,(n, d) then 


norm (A + A’) = norm (2A”) = 2~/k 
and 
norm A + norm A’ = 2 ~/k. 
Thus, in the triangular inequality 
norm (A + A’) < norm A + norm A’ 
equality holds which is only possible if (a1, a2, ..., Gp) and (a;’, de’, ..., 


a,’) are proportional and, as their norms are equal, identical, i.e., if A = 
A’ = A’, 
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There are d" different systems (@;, d2, ..., @,) satisfying (i) and 
n(d — 1)? + 1 possible values of k; hence for some k = K, S,(n, d) must 
contain at least 

d” d"-? 


—_— >- ; 
n(d — 1)? + 1 n 





terms; as all these terms are <(2d — 1)" we have 


n—2 





v((2d — 1)”) + ; 
n 





Let N be given; choose n = | y2e 2 and d such that 
og 2 


(2d — 1)"< N< (244 1)". 

















Then, 
»(N) > v((2d — 1)") > a > ee re vs (1 — N-Vayn-2, 
and, for sufficiently large JN, 
NI (2a) 1.2. oes 2. O-— OSes 1 — 2V2 log 2 +6 
y(N) > ares ee n log N log N >N Vier N 


for any e > 0. 


1 Salem, R., and Spencer, D. C., ‘‘On Sets of Integers Which Contain No Three Terms 
in Arithmetical Progression,”’ these PROCEEDINGS, 28, 561-563 (1942). 
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